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Abstract. We describe two constructions giving rise to curved Aoo-algebras. 
The first consists of deforming Aoo-algebras, while the second involves trans- 
ferring curved dg structures that are deformations of (ordinary) dg structures 
along chain contractions. As an application of the second construction, given 
a vector bundle on a polyhedron X, we exhibit a curved Aoo-structure on the 
complex of matrix- valued cochains of sufficiently fine triangulations of X. We 
use this structure as a motivation to develop a homotopy associative version 
of Chern-Weil theory. 
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1. Introduction 

Developing discrete analogues of all fundamental differential geometric structures 
is desirable for several reasons. Such discretization techniques provide efficient 
tools for explicit numerical computations needed in applications. They also lead to 
simple and transparent proofs of combinatorial analogues of many classical results 
in differential geometry (see e.g. R. Forman's work on discrete Morse theory [8]) 
or to new results obtained by passing to the "continuum limit" , as is the case with 
constructive quantum gauge field theory based on lattice approximations (see the 
survey |19j and the references therein.) 

In this paper, we propose notions of connection and curvature on a piece- wise 
smooth complex vector bundle over a polyhedron based on the notion of a curved 
Aoo-algebra and derive explicit combinatorial formulas for the real Chern classes of 
the bundle in terms of the curvature. Our starting point is the recent observation 
of D. SuUivan ([3T1 Appendix], see also [TB]) and [B]) that the complex of simplicial 
cochains on a polyhedron possesses a canonical Aoo-structure. 

We recall that Aoo-algebras [30] are a generalization of differential graded (dg) 
algebras in which the associativity condition is replaced by an infinite sequence of 
identities involving higher "multiplications" . Curved Aoo-algebras |17j (or weak 
Aoo-algebras in the terminology of ^21j) are a natural generalization of both Aoo- 
algebras and curved dg algebras [29]. The latter are graded associative algebras 
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endowed with a degree 1 derivation whose square equals the commutator with a 
fixed closed element of degree 2. 

Let be a complex vector bundle over a finite polyhedron X . For each piece- 
wise smooth idempotent P representing the ii'-theory class of E we construct a 
canonical curved Aoo-structure on the space of matrix-valued simplicial cochains 
on a sufficiently fine subdivision of X. This structure is obtained in Section 3 
by transferring a curved dg algebra structure on the space of piece-wise smooth 
matrix-valued differential forms on X using homological perturbation theory; its 
elements are given by convergent infinite series. 

Various algebraic generalizations of the classical Chern-Weil theory have ap- 
peared during the last few decades. We mention, among others, the Connes- 
Karoubi-Chern character in cyclic homology ([2D],|1]) in the context of associative 
algebras and Huebschmann's work [13] in the context of Lie-Rinehart algebras. We 
develop a homotopy associative extension of the Chern-Weil construction for curved 
dg algebras from '29| in which the input data is a curved Aoo-algebra equipped with 
certain additional structure. As an application, in Section 4 we establish our main 
result which can be stated as follows. 

Theorem. There exist explicit formulae for simplicial cochains representing the 
real Chern classes of the bundle E in terms of the curved Aoo-structure on matrix- 
valued cochains discussed above. 

We point out that the problem of discretizing the vector bundle itself is not 
treated in this paper. We conjecture that it is possible to construct a curved 
Aoo-algebra out of a purely combinatorial data representing the bundle and then 
obtain the characteristic classes from this algebra. We also hope that the notions 
of connection and curvature presented in this work might be useful in developing 
an alternative approach to lattice gauge theory and to the problem of constructing 
continuous quantum gauge fields. 

We note that formulas for simplicial representatives of the integral Chern classes 
of a principal bundle have been obtained in [2 8) by completely different methods, 
using a particular model of the classifying space of the general linear group. 

Let us describe the contents of the paper in more detail. 

In Section 2, after recalling some basic definitions we describe a general procedure 
of deforming Aoo-algebras to curved ones using infinite series along a "connection" , 
i.e. an arbitrary element of degree 1. We use the opportunity to derive analogous 
results for Loo-algebras, the homotopy associative generalization of Lie dg algebras, 
building on an observation from |15j . 

In Section 3, we begin with a brief review of homological perturbation theory 
and then show how to use it to transfer curved dg structures that are deformations 
of ordinary dg algebras in the above sense along contractions. We also generalize 
the sum over rooted planar tree formulas of Kontsevich and Soibelman [J^ to this 
setting. As an application, we obtain the curved Aoo-structure on matrix-valued 
simplicial cochains discussed above. 

In Section 4, we develop an algebraic homotopy associative Chern-Weil theory. 
We introduce the notion of a Chern-Weil triple, a curved Aoo-algebra together with 
a map into a chain complex satisfying certain symmetry properties. We define the 
Chern character of a Chern-Weil triple, show that it is natural with respect to an 
appropriate class of morphisms and finally prove the theorem stated above. 
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2. Curved Aoo- and Loo-structures. Deformations 

2.1. Basic definitions. Throughout this paper, we will work with non-negatively 
graded vector spaces over a fixed field k that is either the real or the complex 
numbers. By a chain complex we always mean a graded vector space equipped 
with a differential of degree 1. We write V^'^ for the fc-th (graded) tensor power 
of a graded vector space V = 0^ Vp so that V^^ = k. When applying graded 
maps to graded objects, we always use the Koszul sign rule, by which we mean the 
appearance of a sign (— l)dcg(a) dGg(&) switching two adjacent graded symbols 

a and b. 

Definition 2.1. A curved ^oo-structure on a graded vector space V is given by 
a family of linear maps 

TOfe : V®^ ^ y, /c = 0,1,2, ... 
satisfying for every rt ^ the identity 

(-l)'-+^* mr+t+i (If ®ni,® If) = . (2.1) 

r+s+£ — n 

The map ruk is assumed to have degree 2 — fc. 

It appears that the term curved Aoo-algebra V has been used for first time in 
[27] . In the special case when the map mo : k ^ V2 is we obtain the usual 
notion of ^oo-algebra (see [30], [17] and the surveys [12] and [2l])- We will (by a 
slight abuse of notation) denote the degree 2 element of V that is the image of 
1 G k under toq also by mg and we will refer to it as the curvature of the curved 
Aoo-algebra V . This terminology is motivated by the following example. When 
TOfc = for all fc > 2 we obtain the definition of curved difTerential graded (dg) 
algebra In this case, the first four identities in Eq. (|2.1|) read 



miTOo = 0, (2.2) 

miTOi = TO2(mo (g) 1) — m2(l ® mo) , (2.3) 

miTO2 — TO2(toi 1) — m2(l ® mi) , (2-4) 

m2(TO2®l) = m2(l®m2). (2.5) 



Eq. (|2.2p can be interpreted as an abstract Bianchi identity, Eq. (|2.3p says that 
square of the "covariant derivative" mi equals to a commutator with the curva- 
ture, (|2.4p expresses the fact that mi is a (graded) derivation and the last identity 
amounts to the associativity of the algebra. 

In this paper, we will be mostly interested in examples of curved dg algebras 
arising from vector bundles. 

Example 2.2. Let E he a real or complex vector bundle with connection V over 
a smooth manifold M and let End(i?) denote the bundle of endomorphisms of E. 
The graded space ri*(M, End(i?)) of differential forms on M with values in End(i?) 
becomes a curved dg algebra by taking toq to be the curvature of V, toi to be the 
induced connection on End(_E) and m2 to be the wedge product combined with the 
composition on End(i?). 

Example 2.3. Let A be (an ordinary) dg algebra with differential d and let 7 be a 
fixed degree 1 element in A. It is easy to check that we can deform ^ to a curved 
dg algebra as follows. Set 

mo = ^7 + 7.7 , 
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mi ^ d + [7, •] 

and take 7712 to be the multiplication "•" in A (here [•, •] denotes the (graded) 
commutator with respect to the multiplication in A). 

Clearly when the bundle End(i?) is trivial, the curved dg algebra f2*(M, End(i?)) 
from Example 12.21 is a particular example of such a deformation. In general, a 
related example of a curved dg algebra that is a deformation of a dg algebra may 
be obtained as follows. 

Example 2.4. Endow the bundle E with an inner product and embed it into a 
trivial bundle E of rank / in order to obtain a matrix idempotent P over the 
algebra of smooth functions on M (i.e., P is a section of End(£') with — P, 

that projects onto E C E). Now we can deform the dg algebra of matrix- valued 
forms n'{M,Mi{k)) = n*{M)(g)Mi{\i) by the degree 1 element 7 = PdP as above. 

Next we describe a well-known alternative description of curved Aoo-algebras. 
Let T{V) = k®V ® © . . . be the full tensor coalgebra of the graded vector 
space V. li V = 0^ Vp its suspension sV is defined by (sV)p = V^-i. 

Proposition 2.5. There is a natural bijection between curved Aoc- structures on V 
and square zero coderivations of degree 1 on T{sV). 

The reader is referred to ^17, Proposition 1.2] for the proof and the relevant 
definitions. This proposition allows us to make the following 

Definition 2.6. A homomorphism between two curved Aoo-algebras V and V is 
a map F : T{sV) TisV) of dg coalgebras. 

More explicitly, such a homomorphism F is given by a family of linear maps 
Fk : ->■ V of degree 1 - /c, A: = 0, 1, 2, . . . satisfying 

Fim^ = m^' , (2.6) 

and for every n > the identity (cf. [27] ) 

J2 (-1)'-+^* Fr+t+i (1®'- 1®*) 

r+s+t — n 

- J2 (-l)"'mj" (F,, ®...®F,J, (2.7) 

1 s5 q ^ n 
ii + . . . + i<j = n 

where w = J^l^^il ~ ~ 1)- Note that Fq necessarily is 0. The morphism F is 
called strict if = for every fc > 1. 

Let F = {Ffcj : y -> V and G ^ {Gk} : V V" be morphisms between 
curved Aoo-algebras. Then the p-th component of their composition is given by the 
formula (cf. ^27) ) 

{GF)p= J2 i-ir G, (F,, ® . . . FJ . (2.8) 

ii + . . . + iq = p 

We proceed to define curved Loo-algebras following the sign conventions of [51] . 
Given graded variables xi, X2, . . . ,Xn and a permutation a S S„, let e((T; xi, . . . , Xn) 
be the Koszul sign obtained when passing from xi, . . . , x„ to ^^(i), . . • , x„(^ny Set 

X(cr) =sgn(cr)e(cr;a;i,...,x„). (2.9) 



CURVED Aoo-ALGEBRAS AND CHERN CLASSES 



5 



We say that cr G S„ is a (fc, n — A:)-unshuffle, ^ fc ^ n, if a{l) < ■ ■ ■ < a{k) and 
(7{k + I) < ■ ■ ■ < a{n). 

Definition 2.7. A curved Loo-structure on a graded vector space V is given by 
a family of linear maps Ik ■ V'^'' — ^ F of degree 2 — fc, fc = 0, 1, 2, . . . that are graded 
antisymmetric in the sense that 

^fe(a;CT(i), • ■ • ,a;o-(fe)) = x(o-) lk{xi, . . . ,Xk) 

for all a G S„ and Xi, . . . ^Xk G V, and moreover satisfy the following generalized 
Jacobi identities for every n ^ 

n 

^ ^ ^(o-) /„_fc_^i(?fe(x^(i), . . . ,X^(^k)),Xa{k+l), ■ ■ ■ , Xa{n)) = , 

fc = o- 

(2.10) 

where the summation is taken over all (fc,n — k) unshuffles a. 

In the case when the curvature Iq ■ k ^ V2 is 0, we obtain the definition of an 
ioo-algebra (cf. [25]). When the maps Ik are equal to for all fc > 2 we obtain the 
notion of curved dg Lie algebra. 

Example 2.8. Let L be (an ordinary) dg Lie algebra with differential d and let 7 be 
a fixed element of degree 1 in L. Then it is straightforward to check that we can 
deform L to a curved dg Lie algebra as follows. Set 

lQ = d-f+^ [7, 7] , 

h = d+ [7, •] 
and take I2 to be commutator [•, •] in L. 

Example 2.9. Let G be Lie group with Lie algebra g and let P be a smooth principal 
G-bundle. The space n*{P,g) of g-valued differential forms on the total space of 
P has a natural structure of a dg Lie algebra. One can use a connection on P, 
i.e. an invariant 1-form in Q'(P,q), to deform this structure to a curved dg Lie 
algebra as above. A related and perhaps more interesting example can be obtained 
by considering the subalgebra of basic (with respect to the action of G) forms on 
P instead of rj'(P,fl). 

As in the A^c case, one has an alternative description of curved Loo-structures 
in terms of coderivations. Let S'' (l^) denote the fc-th (graded) symmetric power of 
the graded vector space V and let S{V) = k© (V) © . . . be the full symmetric 

coalgebra of V. 

Proposition 2.10. There is a natural bijection between curved L,^- structures on 
V and square zero coderivations of degree 1 on S{sV). 

It was proved in [25] that there is a bijection between (ordinary) Loo-structures 
on V and square zero coderivations of degree 1 on the em reduced symmetric 
algebra on sV. The proof in the curved case is completely analogous; one simply 
has to replace the reduced symmetric algebra with the full symmetric algebra in 
order to incorporate the curvature lo- As above, this proposition allows us to define 
homomorphisms of curved Loo-algebras. 
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2.2. Curved Aoo- and Loo-structures as deformations. In this subsection we 
describe a method of perturbing Aoo- and ioo-algebras to curved ones, generalizing 
the examples already given in the previous subsection. We first treat the (slightly 
easier) case of Loo-algebras. 

Let L be an Loo-algebra with maps £k ■ L®^ — > L and let 7 be an element in L 
of degree 1. For xi, . . . ,Xk (z L consider the (formal) infinite series: 

CO 

^0 = E^^'=(T''T.--->7), (2.11) 

00 ^ 

^Zixi,. . . ,x„) = in{xi, . . . ,a;„) + ^ ^4+«(7, ■ ■ ■ . . . ,Xn) , n ^ 1. 

k = l 

We have the following generalization of Proposition 4.4 and Lemma 4.5 in |15) . 

Proposition 2.11. Let L be an Lao-algebra which is a Banach space and assume 
that all maps i^. are continuous (with respect to the induced norm on the tensor 
powers of L). Suppose also that the series US. 11]) are point-wise norm convergent. 
Then these series define a curved Lao-structure on L. 

Proof. Let us introduce the abbreviation £k{j^^''~'^\xi, . . . ,Xi) for ik{l, ■ • ■ , 7, xi, 
. . . , Xi) (7 appears k — i times). A direct computation, via rearranging the terms 
in the sums, shows that 

n 

E (-1)'^""" E ^(^) ^n-fe+l (^fe (MD ' ■ ■ • ' ^-«) ' ^-C^+l) ' ■ • ■ ' ^-(")) 

(-!)'=("-'=) X(a) E ^ 

X £n-k+p+l (7^^:-^fe+p-s(7^'^~^\ a;cr(l), • . • , X^(^k-)),Xc,(k+l),- ■ ■ ,Xcr{n) 
00 p+n 

p = ^ k = Q 

X £p+„-fc+i (^4(ye(i), ■ • ■ ,2/e(fe)), ■ • ■ ,J/e(p+,i)) = 0, 

where = 7, . . . , = 7, j/p+i ^ xi, . . . , i/p+n = Xn and the sum J2 is over all 

e 

{k, p + n — fc)-unshufHes g. □ 

Remark 2.12. Note that we can similarly deform a curved Loo-algebra by allowing 
k to run from to 00 in the first of Eqs. (|2.1ip . Proposition 12.111 with its proof 
remain valid in this more general setting. 

The process of deformation just described is functorial in the following sense. 
Let L and M be two curved Loo-algebras, let 7 G L^ and F = {Fk} : L — M be a 
morphism of curved Loo-algebras. Suppose that the series 



k = 



p 



EEM)'=^"-'=^x(.)EiEw^ 



00 ^ 

^' = E T:i^fc(7:---,7) 



fc! 

fc = l 



is norm convergent. Assume further that we can deform L and M by 7 and 7' 
respectively, as in Proposition 12.111 to curved Loo-algebras that we denote by L'^ 
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and , respectively. Now for every n ^ 1 consider the series 

oo ^ 

F2{xi,...,Xn) = Fn{xi,...,Xn)+ ^ —Fn+k{l,---,l,Xl,...,Xn)- (2.12) 

k = l 

By a computation similar to the one in the proof of Proposition 12 . 1 ll one can show 
that the following holds. 

Proposition 2.13. Assume that all maps Fk representing the morphism F : L ^ 
M are continuous and that the series 112. 12\) are point-wise norm convergent. Then 
these series define a morphism of curved Lao-algebras 

F'^ ■.L'^ ^ AP' . □ 

Curved ^oo- algebras can be obtained as deformations of ordinary Aoo-algebras 
in an analogous fashion. More generally, let j4 be a curved Aoo-algebra with maps 
nik : A'^'^ A {k = 0,1, . . .) and let 7 be in Ai. For xi, . . . ,Xk G A consider the 
infinite series 



"^0 = ^mkil,j,...,j), (2.13) 

k = 
00 

ml{xi,...,x„) = X! X! x(o-)"i„+fc(?/CT(i),...,2/CT(fc),2/<T(fc+i),...,2/CT(fc+n)) , 

k = <r 

where yi = 7, . . . , =7, y/c+i = Xi, . . . , yk+n = Xn, the summation is taken over 
all permutations a e Sk+n that are {k, k + n)-unshuffles, and x(cr) is the sign 
appearing in (I2.10[) . 

Proposition 2.14. Let A be a curved Aoo-algebra that is a Banach space. Assume 
that the maps {mk^kLa o,'"'^ continuous and that the series Ii2.13\} are point-wise 
norm convergent. Then these series define a curved Aoo-structure on A. 



Proof. We check that Eq. (|2.ip holds and obtain 

^ ^ ( 1) ^r+i+l ^"^l 5 ■ • ■ ; '^r i rn~l {Xj.j^\, . . . , Xj-^g^ , Xj._|_3_|_i , . . . , Xf^ 



r+s+f — n 

r+t+1 s 



E E E(-i)^^"x— 

r-\-s-\-t — n p — q — 

(V V V ( y V y \ 

. . . , , . . . , Xj- , ■ • ■ , IJlqj^g \ - • -1 -^r+l ; ■ ■ • ; '^r+s 7 ■ • ■ ) : 

.Y.,x,+,+i,.Y.,x„,.Y.) , (2.14) 



7 

where V stands for insertions of 7's, we have inserted p 7's outside rus and q 7's 
inside, and Xp,q,r,s is the resulting sign factor. Then the right hand side of Eq. (|2.14p 
reads 



EEx(-) E (-ir" 

k = a r+s+t = k+n 

X ?71r+t+l(?/cr(l), • ■ • ,2/<T(r), '71s(ycr(r+l), • ■ • , 2/<T(r+s) ) , ycr(r+s+l) , • • • , 2/<T(fe+n)) = , 

where the same notation as in Eq. (|2.13p is used. □ 
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As in the Loo case, we have the following functoriality result. Let A and B be 
two curved Aoo-algebras, let 7 £ and F — {Fk} : A — > _B be a morphism of 
curved ^00-algebras. Assume that the series 

00 

fc = 1 

is norm convergent. Suppose further that we can deform A and i? by 7 and 7' 
respectively, as in ProDOsition l2.141 to curved Aoo-algebras that we denote by A^ 
and B'^ . Now for every n ^ I consider the series 

00 

), (2.15) 

fc = a 

where again yi = 7, . . . , t/fc =7, yk+i = x\, . . . , yk+n = Xn and the summation is 
taken over all permutations a G Sk+n that are (fc, k + n)-unshufiles. 

Proposition 2.15. Assume that the maps {f/tj^^x i"epfesenting the morphism 
F = A ^ B are continuous and that the series V2.15\] are point-wise norm conver- 
gent. Then these series define a morphism of curved Aao-algebras 

F'^ ■.A'-' ^ A^' . □ 

2.3. Examples. Let AT be a locally finite polyhedron. We briefly recall, following 
[IB] , how the complex C'{X) of k- valued oriented simplicial cochains on X can be 
endowed with an Aoo-structure (which is in fact a Coo-structure). For alternative 
constructions of such a structure the reader is referred to the Appendix of [31] and 

to [g. 

We recall the definition of the complex of the piece-wise smooth differential 
forms on X introduced by H. Whitney in [32] (see also jTl Chapter 2] and [3]). 
A piece- wise smooth differential n-form on X is a collection of forms u> = {wo-}, 
one for each simplex cr in AT, such that uja is a smooth n-form on a and for every 
inclusion of simplices i : cti ^ (T2 we have i*0Jcr2 = ■ We denote the space of all 
such collections of forms by U,*{X). Since the exterior differential commutes with 
pull-backs we obtain a well-defined differential on U,*{X). 

The following theorem is due to J. Dupont [71 Theorem 2.16]. 

Theorem 2.16. There exists a chain contraction from il*(A") to C*{X). Namely, 
there exist chain maps R : Q.'(X) C*{X) and W : C'{X) -> ^l'{X), and a 
linear map H : il'{X) — S> il'^^{X) satisfying the relations 

RW = Ic-ix) 

WR- In'(x) = dH + Hd. □ 

The map R is given by integration over simplices. The map W can be described 
as a generalized linear interpolation; its image consist of piece- wise linear forms (see 
[52]). We shall refer to R (respectively W) as the de Rham (respectively Whitney) 
map. 

Note that the complex n'{X) is a dg algebra with respect to the exterior product 
of forms. Thus, we can transfer this particular Aoo-structure to an Aoo-structure 
on the complex C*{X) along the contraction given from Theorem 12.161 using the 
sum over rooted planar tree formulas of Kontsevich and Soibelman [23 . In Sect. 3 
we will review these formulas in some detail. 
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Using a piece-wise smooth metric on X one can define an L2-norm on forms in 
il'{X) and, using the Whitney embedding W, also on cochains in C'{X). We shall 
denote this norm by ||.|| in what follows. Let {mk}'^^i be the maps defining the 
Aoo-structure on C'{X) just described. 

Lemma 2.17. For all k > 1 and all xi, . . . ,Xk G C'{X) one has 

||mfc(xi, . . . ,a;fe)|| < Cfc^i £'''||xi|| • • • ||xfc|| , 

where Ck = (fc^^ijifci the k-th Catalan number and E is a constant depending only 
on X and the norm \\.\\. 

Proof. Observe that the expression for ruk given in [23j in this case reduces to a sum 
over all completely binary trees with k tails (see Sect. 3 for the relevant definitions) 
and the number of these trees is exactly Ck-i- Now the estimate follows since the 
exterior product and the homotopy H are bounded maps in the L2-norm. □ 

Observe that we can extend all maps involved in Theorem 12.161 entry-wise to 
matrix-valued forms and matrix-valued cochains. We can apply Theorem 12.161 
and Lemma 12.171 to each matrix entry and conclude that these two statements 
remain valid in the matrix setting. Thus we obtain an Aoo-structure on the complex 
of matrix-valued cochains C*(X, M/(k)). We shall deform this to a curved Aoo- 
structure using a degree 1 element as in Proposition l2.14l 

Let Ehe a, (continuous) complex vector bundle over X. As in Example 12. 41 there 
is a continuous matrix idempotent representing E. Observe that ilP(X), the algebra 
of piece- wise smooth functions on X, is a dense (by the Stone- Weierstrass theorem) 
subalgebra of the Banach algebra C{X) of continuous functions on X, which is 
closed under holomorphic functional calculus. It follows (see e.g. [H Chapter III, 
Appendix C]) that the inclusion il^{X) M> C{X) induces isomorphism of i^-theory 
groups: Ko{rf' {X)) = Ko{C {X)) . In other words, there exists a piece-wise smooth 
idempotent P e il"(X, Mi(k)) representing the K-theory class of E. 

Proposition 2.18. For every fine enough subdivision X of X , the series Ii2.13\) 
with 7 — R[PdP) (where R is the de Rham map for the complex X) define a curved 
Aoo-structure on C'{X,Mi{k)). 

Proof. Since the analytical hypotheses of Proposition 12.141 are not satisfied in this 
setting, we shall show that the series (|2.13p are locally convergent in an appropriate 
sense. To this end, observe that the maps {to/c} are quasi-local in the sense that 
the value of the cochain mk{xi, . . . , Xfc) at a simplex A depends only on the values 
oi xi, . . . ,Xk restricted to St (A), the star of A. Thus Lemma [2.171 gives 

||mfe(a;i, . . . ,Xfc)|A|| ^ Cfc_i ||a;i|stA|| • • • ||a;fc|stA|| • 

Using the elementary estimate Ck < 4*^ we obtain 

||mp+fc(7,...,7,xi,...,Xfc)|| < {AEr+'^\\^r\\x^\\---\\xk\\. 

Thus we see that if we choose a fine enough subdivision X of X so that the norm 
of 7 restricted to the star of each simplex in X is less than 1 / {4:E) , the series (j2.13|) 
will locally (i.e. at each simplex) be dominated by convergent geometric series and 
hence will be convergent. □ 
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Finally, we briefly sketch how one can obtain an example of a curved Loo- 
structure based on Example l2.9l Let G be Lie group with Lie algebra g, P a smooth 
principal G-bundle, and X a triangulation of the total space of P. Using Theorem 
12.161 and the main result of jllj one can transfer the dg Lie algebra structure on 
f2*(P, g) to an Loo-structure on the complex of g-valued cochains C'{X,q). Let a 
be connection 1-form on P. Then one has the following analogue of Proposition 

Proposition 2.19. For every fine enough subdivision X of X, the series h2.11\) 
with 7 = R{a) [where R is the de Rham map for the complex X) define a curved 
Loo-structure on C'{X,q). □ 

It is clear however that this curved Loo-structure on X does not reflect the 
G action on P; perhaps a more relevant example of a curved Lqo -structure can 
be obtained by considering a G-equivariant triangulation of P and G-invariant 
cochains. 



3. Transferring curved dg and Lie do structures that are 

deformations 

3.1. Review of homological perturbation theory. In this section we recall the 

classical homological perturbation lemma ( 18 ) and show how to use it to transfer 
curved dg and Lie dg algebra structures that are deformations of ordinary ones. 
Given a chain complex (G, d), we say that a map S : G* ^ C*~^^ is a perturbation 
of d if (d -f (5)2 = 0. 

Definition 3.1. Assume that we are given two chain complexes (Gi, di) and (G2, ^2) 
and chain maps p : Gi — ?> G2 and i : G2 — > Gi. We say that the pair {p,i) is a 
chain contraction of (Gi,di) to {C2,d2) if pi — Ici ^nd there exists a homotopy 
between ip and the identity map on Gi, i.e. a map H : G* — >■ Gi~^ such that 
ip — Ici — diH + Hdi . We say that the contraction {p,i) is special if the following 
so called annihilation conditions hold. 

Hi = 0, pH = 0, Lf^ = 0. 

It is shown in [TS] that the chain contraction described in Theorem l2.16l is special. 
The first part of the following statement is known as the main homological 
perturbation lemma. The second part is proved in I14| Section 2]. 

Theorem 3.2. (a) Let {C'i,di) be a chain complex and 61 be a perturbation of 
di. Suppose that we are given a special chain contraction (j),i,H) between {Gi,di) 
and a chain complex (G2, ^2)- Assume further that Ici — SiH is invertible and set 
E = (Jci ~ SiH)~^Si. Then 82 = p^i is a perturbation of d2 and the formulas 

l^i + H^i, p = p + pj:h, h = h + hj:h (3.1) 

define a special chain contraction between (Gi,di + Si) and {G2,d2 +S2)- 

(b) Assume, in addition to the hypotheses in part (a), that {Gi,di) is dg {co)al- 
gebra, Si is a (co) derivation, and p and i are {co)algebra homorphisms. Then 62 is 
a coderivation and the maps p and i are (co) algebra homomorphisms. 
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3.2. Transferring curved dg and Lie dg algebra structures that are defor- 
mations of ordinary ones. 

Proposition 3.3. Let A be dg algebra eguipped with a Banach norm such that 
the multiplication map is continuous. Let j he a degree 1 element of A and put 
7(1) = [7, x\ for X € A. Let denote the curved dg algebra obtained from A via 7 
as in Examvle \2. 2\ Let (p,i,H) be a special contraction from A to a chain complex 
B which is a Banach space, such that LI is continuous and p and i are continuous 
with norms not exceeding L Assume further that |j7|| ||i7|| < 1. Then there exists 
a curved A^-structure on B and morphisms of curved A^o-algebras P : A'^ — > B 
and L : B ^ A^ . 

Proof. According to ProDOsition l2.51 the curved dg algebra structure on A obtained 
via 7 is equivalent to a coderivation on T{sA) such that D\ — 0. Let T{dA) 
denote the usual extension of the differential d^ on A to T{sA). It follows from 
the proof of Proposition 12.51 that we can write Da as a perturbation of T((i^): 
Da = T{dA) + 5a- Since TidA) and Da are coderivations, so is 5a- 

Now let us define maps T{p) : T{sA) T{sB), T{i) : T{sB) T{sA) and 
T{H) : T{sA) T{sA) by setting for every n ^ 1: 

(r(p))„=p®", (TW)„ = *®", {T{H))^= J2 ® H ® {ipf^ . (3.2) 

k+j + l=n 

(The last formula is a particular case of the so-called tensor trick, see [10] and the 
references therein.) It is easy to check that (|3.2|) defines a special contraction from 
T{sA) to T{sB) and that T{p) and T{i) are coalgebra morphisms. The assumption 
II7II < 1 implies that the series 

00 

Y^{5AT{H)f 

k=0 

is dominated by a convergent geometric series. Thus 1 — 5aT{H) is invertible 
and we can apply Theorem 13.21 to the contraction (|3.2p . As a result, we obtain a 
coderivation 5b on T{sB), which is a perturbation of Tlds) and hence defines a 
curved Aoo-structure on B, and also curved Aoo-algebra morphisms between A'^ 
and B given by (13. ip . □ 

We note that the case of an ordinary dg algebra in the proposition above has 
already been considered in 10! where it is also shown that the formulas for the 
transferred Aoo-structure obtained from the perturbation lemma coincide with the 
sum of over rooted tree formulas obtained in |23| . We will now generalize these 
formulas to the case of a transfer of a curved dg structure. 

Recall that a rooted planar tree has a natural orientation of its edges, which we 
use to define the valency of a vertex of such a tree to be the number of edges going 
out from the vertex. A tail is a vertex of valency zero. A completely binary tree 
is rooted planar tree whose root has valency 1 and all other (non-tail) vertices have 
valency 2. Let us denote by T„ the set of all completely binary rooted planar trees 
with n tails. Define further TJ^*^"^ to be the set whose elements consist of a tree in 
T„ and a sequence of arbitrary non-negative integers, one for each edge of the tree. 
Assuming the hypotheses of Proposition 13.31 we can think of an element in TJ^^'^ as 
a tree in T„ decorated according to the following rules: 

(1) Assign to the root the map p and to each tail the map i. 
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(2) Assign to each vertex of valency 2 the map mf. 

(3) Assign to the edge e containing the root the map {^H)^" , fee = 0, 1, 2, . . . 

(4) Assign to each edge containing a tail e the map {H^Y" , fee = 0, 1, 2, . . . 

(5) Assign to each interior edge e the map HijH)'^^ , = 0, 1, 2, . . . 

Now to each element r in T'^'^ we can assign an operation mr : _B®" — > i? by 
composing the maps assigned to the vertices and the edges of r in the natural 
order. For example, to the tree 

P 




it i 



there corresponds the map 



Proposition 3.4. The transferred curved Aao- structure on B obtained in Proposi- 
tion \3.3\ is given by 

oo 

= Y,pm)HO, (3.3) 

oo 

mf = pdAi + ^p^{^Hfi, (3.4) 

fc=0 

= ^ (±)TOr, ri>l. (3.5) 

Proof. Formulas p.3p and (|3.4p follow easily from Proposition 13.31 We shall verify 
p.Sp closely following . We first observe that the transfer formulas from Theorem 
13.21 can be rewritten as recursive formulas: 

5b = T{p)5aI I = T{i) + T{H)SaI 

P ^T{p) + P5aT{H) H = T{H) + H6aT{H). 

Using this, we can derive an inductive formula for the components of the curved 
Aoo-morphism I : B ^ . Proceeding as in the proof of Theorem 2.1 in [2] we 
find that 

Ji =i + H^Ii. 

Solving for Ii and expanding (1 — Hj)^^ in geometric series we obtain 

oo 

/i=^(ff7)'»- (3.6) 

Next, for every n > 1 we find 

l-\-S — 71 
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which implies the desired recursive formula: 



oo 



(3.7) 



k—0 l-\-s—n 

Similarly one shows that 



l-^s—n 

and substituting (|3.7p in the last expression gives 



oo 



(3.8) 



k—O l-\-s—n 



Now substituting (|3.6D and (|3.7D into (|3.8p one obtains (see [2] and [26] ) 



where e(T) is defined as follows. Let u be a vertex of t which is not a tail and 
not the root. Let 1^ be the number of tails t of r such that the unique path from 
t to the root of r contains the first output edge of v and let Sy be the number of 
tails i of T such that the unique path from t to the root of r contains the second 
output edge of v. Then define e(r) = J^v ^vi^v ~ 1) (the sum is over all vertices v 
which are neither a tail nor the root). 



Remark 3.5. Clearly (13. 7p implies a sum over rooted trees formula for the com- 
ponents of / similar to p.Sp : the only difference is that we assign H instead of p 
to the roots of the trees. One can also derive a similar formula for the morphisni 
P : A'' i? as in (51. In this case each tree in the sum has H assigned to one of 
its tails. 

We shall need the additional properties of the transferred curved Aoo-structure 
described in the following three lemmas in the next section. 

Lemma 3.6. Let (jJk,ik, Hk) be a special contraction from a dg algebra Ak to 
a chain complex Bk, k — 1.2, satisfying the hypotheses of Proposition [XM Let 
7fc G Ak be degree 1 elements and let -0 : Al^ — Al^ be a strict morphism of curved 
dg algebras such that 



Consider B^, k — 1,2, with the transferred curved A^o-structure obtained in Propo- 
sition 1X3 and let Pk = {Pk,{\'^i o-nd Ik — {Ik,i}iZi be the corresponding curved 
Aoo-algebra morphisms. Then the morphism P2'>pli ; -Bi — > -B2 is also strict. 

Proof. We compute the components of P2'4'Ii using (|2.8|) and Remark 13.51 and 
find that all terms contain compositions either of the form H2'4'Hi or of the form 
P2ipHi. Now the claim follows from p.9p . using the annihilation conditions stated 
in Definition 13.11 □ 

Lemma 3.7. Assume, in addition to the hypotheses of Proposition \ 3.3\ that for 
some I > we have 



□ 



(3.9) 



A = A®Mi{k), B = B®Mi{k), 
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where A is a commutative dg algebra, and that the contraction between A and B 
is induced by a contraction between A and B . Suppose further that xi, . . . ,Xn €z B 
are of even degree and n is odd and greater than 1. Then the transferred curved 
AoQ-structure on B satisfies 

X! Tr{mf^{xa(i),...,x„(ri)))^^, (3.10) 

a— cyclic 

where the sum is over all cyclic permutations and Tr denotes the matrix trace. The 
same identity holds for the odd components of the morphism I : B ^ A"' given by 
Proposition I j'.gl 

Proof. By Proposition 13.41 it suffices to show that 

^ ^ (-l)'MTr(m,(.T,(i),...,x.(„))) (3.11) 

a— cyclic tGT^<^<= 

is identically 0. Observe that for every t we can write nir — pto^(A^i, iV2) for some 
maps Ni : B®'^ A, N2 : B®"^-^ A and some fc > 0. Using the definition of e(T) 
one checks that the terms in ()3.1ip corresponding to pmf (iVi , 7V2 ) and pm^ ( A^2 , iVi ) 
appear with opposite signs. But it is easy to see that our parity assumptions imply 

Tr(TO^(A^i(xi, . . . ,a;fc),iV2(a;fc+i, . . . ,a;„))) 
= Tr(m^(A^2(a;fc+i, ■ . . , x„), iVi(a;i, . . . 
hence all terms in p.ll[) cancel in pairs. □ 

Lemma 3.8. Assume, in addition to the hypotheses of Proposition that A is 
commutative and extend the transferred curved A^o-structure on B to Mi{B). If we 
deform the latter structure by an element P G Mi{Bi) to a a curved Aao-structure 
{to^'^} as in Proposition \2. 14\ we have 

X] Tr{m^^'^{xa(i),...,x^(^n))) ^0 

a — cyclic 

for every odd n > 1 and all xi, . . . , x„ S Mi{B) of even degree. 

Proof. Lemma [3 . 71 easilv implies that the curved Aoo-structure on Mi(_B) satisfies 
p.lOp . A computation similar to the proof of Lemma 13.71 shows that the trace 
vanishes on the sums appearing in ()2.13p for every fc > 0, which proves the claim. 

□ 

Example 3.9. Let X be a finite polyhedron. Given a vector bundle E on X, we 
can find a piece-wise smooth idempotent P representing the i^T-theory class of E, 
as already noted in Sect. 2. Thus, we obtain a curved dg structure on the complex 
r2'(X, Mi(k)) of piece-wise smooth forms on X as in Example 12.41 As in Sect. 2, 
we equip r2*(X, M;(k)) with an L2-norm and use the inclusion W to transfer this 
norm to C*(X, M;(k)). Assume that we have fixed fine enough subdivision X of 
X so that the condition ||7|| ||iJ|| < 1 (where H is the contraction from Theorem 
12.161 and 7 denotes commutator with 7 — PdP) is satisfied locally, i.e. on each 
simplex. Then we can transfer the curved dg structure on r2*(X, Mi(k)) obtaining 
a curved Aoo-structure on C*(X, M;(k)) as in Proposition [33] (all series are locally 
convergent as in Proposition l2.18p . 
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We remark that the analogue of Proposition 13.31 for curved Lie dg structures 
holds. Indeed, in the absence of curvature, this is the main result of [11] (see also 
[I] for an alternative approach). The generalization to the curved case is done is 
as in the proof of Proposition 13.31 As an application, one can transfer the curved 
dg Lie algebra structure associated to a principal bundle P from Example 12.91 to 
a curved Loo-structure on the complex of the g-valued cochains of a fine enough 
triangulation of the total space of P. 

We conclude this section by summarizing our results obtained so far as follows. 
Given a curved dg algebra (or curved Lie dg algebra) A that is obtained as a defor- 
mation of a (Lie) dg algebra via a degree 1 element 7 and a special contraction from 
A to a complex B, there are two procedures to construct a curved (respectively 
ioo)-structure on B: One can first transfer the (Lie) dg algebra structure of A to 
B and then deform this transferred structure via the transferred element 7' or one 
can directly transfer the curved (Lie) dg structure of A to B. We shall see in the 
next section that one can obtain non-trivial characteristic classes from a curved 
Aoo-structure obtained by the second procedure, while for curved ^00-structures 
obtained by the first procedure that appears to be impossible. 

4. A GENERALIZED ChERN-WeIL THEORY 

4.1. Chern-Weil triples. In this section, we develop an abstract algebraic version 
of the classical Chern-Weil algorithm for producing characteristic classes of vector 
bundles. 

Definition 4.1. Let {A, {mfcjfc^o) ^ curved Aoo-algebra, (C, d) a chain complex, 
and $ : A ^ C a linear map of degree zero. We call {A, $, C) a Chern-Weil triple 
if for for every x of even degree in A, every odd n > 1 and all even si, . . . , x„ in A 
the following conditions hold. 

(i) $(mi(a;)) = d{^{x)) 

(ii) E^GS„ *("*"(a;T(i),---,a;a(n))) = 0. 

Given a Chern-Weil triple (A, $,(7), it is easy to check that $(m2(mo, mg)) is 
a cocycle in C. We shall now construct higher cocycles in C by introducing higher 
powers of the curvature mg. 

In order to formulate our next result, we recall that there is a one-to-one corre- 
spondence between rooted planar trees and bracket expressions, for example: 




((..).(...)) 



Using this correspondence, given a curved Aoo-algebra A, we define an element M-j 
in A for every rooted planar tree T by assigning to each vertex of valency k the 
operation in A. Thus in the example above we have: 




= ms (m2(mo, mo), mo, 7713(7710, mo, mo)) . 
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We call the degree of the element Mg- in A (which is independent of A) the degree 
of the tree T. We say that a rooted planar tree is completely even if all of its 
vertices have even valency and denote the set of all completely even trees of degree 
n by C.E.T.(n) . Given a rooted tree, consider for each tail the number of edges 
in the shortest path joining the tail and the root. We call the largest among these 
numbers the depth of the rooted tree. 

Remark 4.2. It is instructive to note that every completely even tree can be pre- 
sented as 



T 



Mt = m„(MTi,...,MT„) 



Hence, degree of M'j = 2 — n + degree of M^j^ + . . . + degree of Mt„, in other 
words, degree of Mt — 1 = 1 + (degree of — 1) + • • • + (degree of Mt^ — 1). 
It follows then by induction on the number of vertices of T that 

degree of T = 1 + number of vertices of T . 

Theorem 4.3. Let (A, $,C) be a Chern-Weil triple. Then 

P — 



(4.1) 



TeC.E.T.(2n) 

is a cocycle in C^" for every n > 0. 

Proof. According to property (i) in Definition 14. 1[ it sufHces to show that 

mi(MT) 

Te C.E.T.(2n) 

is in the kernel of <&. This will be done using the following formula valid for every 
completely even tree T (in fact, for every tree with no vertex of valency 1): 



oeB(T) 



(4.2) 



where B{7) is a set consisting of two types of operations T T° defined as follows: 
(a) Attaching an edge to a vertex of T which is not a tail. The new vertex of 
the added edge then becomes a new tail for the resulting tree. This operation can 
schematically be represented as follows: 





(4.3) 



Note that if this operation is performed on a vertex of valency k there are k+1 possi- 
bilities for attachment. We assign to the tree T° so obtained the sign (— 1)^(^''^°) = 
(— 1)-'+^, where j — 0, . . . , fc represents the position of the attached edge moving 
from left to right. 
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(b) Grafting an edge at a vertex which is not a tail. We can represent this 
operation schematically as follows: 



/K 




/I\ 




(4,4) 



k = r + s — 1 , 1 < s , r < k 

In detail, we choose s > 1 adjacent edges coming out of a vertex of valency k and 
attach them to a new vertex of valency s together with the subtrees attached to 
them, then join the vertex of valency s with the original vertex which now becomes 
of valency r = A: — s + 1. In this case we have 



(4.5) 



where j = 0, . . . , r — 1 represents the position of the group of s adjacent edges. 

We remark that one can treat the operations of type (a) as "generalized" opera- 
tions of type (b) with s = so that Eq. (14. 5p remains true in the case of operations 
of type (a) as well. 

We verify Eq. ()4.2p using induction on the depth of the tree T. If this depth is 
1 the identity (12.11) gives 



mi(mfe(mo, . . . ,mo)) = ^ (-1)^+^ m^+i (mo, . . . , mo)- 



^ ^ mr{mo, . . . ,mo,ms{mo, . . . ,mo),mo, . . . ,mo) + 



r+s-l = k j = 
s> 1 



fc-1 



(-l)''mfe(TOo,...,mo,mi(mo),mo,...,TOo)- 

3=0 



Note that the last sum vanishes due to the identity TOi(mo) = 0. Hence, we obtain 
formula (|4.2p in the case of tree depth 1 since the sum over the operations of type 

(a) corresponds to the sum in the first line and the sum over the operations of type 

(b) corresponds to the sum in the second line above. 

If 1 has depth greater than 1 we can write, as in Remark 14.21 — ruk (Mg-j , 
. . . , Mg-j^ ) for some trees Ti , . . . , whose depths are smaller than the depth of 7. 
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Using again we obtain 

k 

mi(MT) = ^ (-l)^+^mfe+i(MTi,...,MT^.,mo,MT,+i,...,Ma-J + 
j = o 

r-l 

r+B-l = k j=0 
s > 1 

fe-1 

+ (-l)'^mfe(MT,,...,mi(MT,),...,MTj. 

j = o 

Applying the inductive hypothesis to mi{M.'j.) in the last sum, we obtain ()4.2p . as 
we did above for the case of depth 1. 
It remains to show that 

Y -i(Ma)^ E E (4.6) 

TGC.E.T.(2n) T e C.E.T.(2ri) o G 

is in the kernel of <f>. 

Observe that all trees T° in (|4.6p contain exactly one vertex of odd valency. 
Indeed, this is the vertex where an operation either of type (a) or type (b) has been 
performed. More precisely, in the type (b) case, the operation is applied to a vertex 
of even valency k and we obtain two new vertices of valencies r and s, respectively, 
so that exactly one of these two numbers is odd due to the relation r + s = k + 1. 
When s is even we will say that the operation is performed "below" the vertex of 
odd valency in T°, otherwise we will say that the operation is performed "above" the 
vertex. If the operation performed is of type (a) we will treat it as a "generalized" 
operation of type (b) with s = and will say that is performed "below" the vertex. 

We separate the sum in (|4.6p into two subsums: (1) terms Mg-o for which the 
vertex of odd valency is not the root of T° and (2) terms Mg-o for which this vertex 
is the root of T°. 

We claim that the subsum (1) is identically zero. Indeed, to each tree 1° whose 
odd vertex is not the root there correspond even number terms in the subsum 
(1) which appear with alternating signs. To show this, observe that such a tree 
T° can be obtained from completely even trees T by performing one operation 
"above" the odd vertex and an odd number (which equals to the valency of this 
vertex) of operations performed "below" . Now using (|4.5p we see that the term that 
corresponds to the operation performed "above" appears with positive sign and the 
remaining odd number of terms appear with alternating signs, (— = 
(— 1)^+^ (j = 0, . . . , 7' — 1), beginning with minus. All these terms cancel and the 
claim is proved. 

Now consider the subsum (2). To each tree T° whose odd vertex is the root 
there correspond odd terms in this subsum. Indeed, such a tree T° can be obtained 
from T by performing odd number of operations "below" only. Using (|4.5p again we 
conclude that the signs of these terms alternate beginning with minus sign. Thus, 
after cancelation only one term corresponding to every T° remains. As a result, we 
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obtain 

mi(MT) = - J2 mfe(MTi,...,MTj. (4.7) 

TeC.E.T.(2n) fe - odd e C.E.T.(2nj) 

1 < fe ^ n m + ■ ■ ■ + rik = n 

Now Property (ii) in Definition 14. II implies that the subsum (2) is in the kernel of 
(f> and the theorem is proved. □ 

Remark 4.4. The action of mi on the trees considered above essentially coin- 
cides with that of the differential in Kontsevich's graph cohomology complex [22] . 
Namely, the result of the application of mi is a sum (with appropriate signs) of 
trees that are obtained from the original tree by expanding a vertex to an edge. 

Definition 4.5. We call the cohomology classes defined by — - ■ C„, n — 1,2, . . . 
the components of the Ciiern character of the Chern-Weil triple {A,^,C) and 
denote them by Ch'(A,$,C). 

In the definition above we divide by c„_i, the number of all binary trees ap- 
pearing in the sum (j4.ip , in order to obtain the usual definition of Chern character 
when A is associative. 

4.2. Pre-Cliern elements. Equation ()4.1|) suggests that we introduce 

TG C.E.T.(2ti) 

(Eq. (|4.1I) then reads C„ = $(£„)), which we call pre-Ciiern elements. From 
the recursion in Remark 14.21 we obtain 

€n ^ mk{€n„...,€n,) . (4.8) 

k - even »lH hUfe = n 

2 ^ fe n 

On the other hand, Eq. (j4.7|) implies that 

mi{€n) = - Y Y "ife (£„!,...,£„,,) , or (4.9) 

k - odd "iH l-"fc =» 

1 < k ^ n 

Y E mfc(e:„,,...,e:„J = 0. (4.io) 

k - odd »ilH hrifc =n 

1 ^ fe ^ n 

Thus, we see that Eq. (|4.9p . which can be easily verified using Eq. (|4.8p and 
Eq. (|2.ip . is essentially what is needed to prove Theorem 14.31 

It is instructive to give an independent proof of Eq. (|4.10p . To this end it is 
convenient to introduce the formal sum 

oo 
n= 1 

which is nothing but the formal generating series of all £„ : the degree 2n part of £ 
is £„• Then Eq. (|48| becomes 

OO 

c = E"^2/c(*!:^''), (4.11) 

fc = 
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while Eq. (|4.10|) reads 

oo 

J2^2k^i{^''^""'^) = 0. (4.12) 

k = l 

Now, to prove (|4.12l) we use the Aoo-identity (|2.ip to find that 

J2 (-i)''+"*m^+t+i(e:®'^®TO,(c®'') (8)(j:®*) = 0. (4.13) 



00 / \ 

Setting (t^ \— ^ rn2k-~i ( ^® (2^-1) j Q^^f^ summing (|4.13D over even n, we obtain 
00 

N = r+s+t = 2N 



s — 0, 2, . . . (even) 
r + t + 1 = 1,3, . . . (odd) 



^ (-1)''+* rur+t+i (C®"^ ® (C®^) ® (t®*) 



s — 1, 3, . . . (odd) f— 11 

r + t + 1 = 2, 4, . . . (even) 



00 /2fe-2 \ 

EE (-1)1 

fe = l \r = / 



fe = ] 

00 2/c-l 



-EE (e:^'- ® C ® 

fe = l r = 

00 2fe-l 

= - E E "*2fe (c®"- c c®(2'=-'-i) 

k=l r=0 

and hence 

00 2/c-l 

C' = ^ ^ m2fe (C®'^ «) C ® (t'^i-^k-r-i)^ ^4 -^4^ 

The homogeneous part of degree 2n — 1 in Eq. (|4.14p gives 

oo 2/c-l 

fe = l Ml + ■ • ■ + n2fc = n + fc "" = 
ni, . . . ,n2fc > 1 

(4.15) 



(C = ^ deg£^ = 2n — 1). Now Eq. (|4.15l) easily implies by induction on 



n 



n=l 



that £^ = for all n, since £i = mg and €[ — mi(mo) = 0. 

Next we discuss the independence of our Chern character on the choice of "con- 
nection" . 

Proposition 4.6. Let A be a finite dimensional curved Aoo-algehra. For 7 G 
let A"' denote the deformed algebra described in Proposition \2. l4\ Assume that the 
series i2.13\) are uniformly convergent with respect to 7 on compact subsets of Ai . 
Suppose further that for every 7 e Ai we have a Chern- Weil triple (A'^,$,C). 
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Then the first two components of the Chern characters of these Chern- Weil triples 
do not depend on 7. 

Proof. We adapt the argument given in [29", Section 5.2]. We denote by dp the 
DeRham differential on il'{Ai, A), the complex of smooth differential forms on Ai 
with values in A. Since A is finite dimensional we can define for every 7 S ^1 the 
tautological 1-form dj^j £ n^{Ai, Ai). Then it is not hard to check, differentiating 
term- by-term with respect to 7, that we have 

dnm^ = mJdR'y, (4-16) 

and the claim for the first component of the Chern character easily follows. A simple 
computation using (|4.16l) and (12. ip shows that dait^ = mjoj for some w € n^{Ai,A) 
which completes the proof. □ 

4.3. Morphisms of Chern- Weil triples. 

Definition 4.7. Let {A, $, C) and {B, D) be two Chern- Weil triples. Let F : 
A B he a. morphism of Aoo-algebras and let / : C ^> £> be a chain map. We say 
that the pair {F, f) is a morphism of Chern- Weil triples if for every even x in 
A, every odd n > \ and all even xi, . . . ,Xn £ A the following conditions hold. 

(1) ^{F,{x)) = fmx)) 

(ii) E^es„ *(-F'n(2;^(i)>--->2;^(«))) = 0. 

Clearly Chern- Weil triples with this notion of morphism do not form a category. 
It turns out however that the Chern character we have defined is natural with 
respect to certain class of morphisms. This will easily follow from our next lemma. 

Let us introduce as in Sect. 14.21 the pre-Chern elements £^ and and their 
formal sums <La and <Lb- 

Lemma 4.8. Let F = {Fk} : (A, {m^}) — >■ (S, {m^}) be a morphism of two 
curved Aoo-algebras such that Fk vanishes for all even k Then 

00 

Cb = (4.17) 

fc = i 

or equivalently 

00 

=E E ^2.-1 (<,...,<_) . (4.18) 

fe = 1 ni + • ■ ■ + n2k-i 
= n + A; - 1 

(Note that the sum over k in {^.18^ is in fact finite.) 

Proof. Consider first a general morphism F = {Fk\ : (A, {m^}) [B^{ra^\) of 
two curved Aoo-algebras. We can transfer <La to the following elements in B 

00 

©±5 := 5](±l)^-iFfe(cf). (4.19) 

fc = 1 

Thus 5 are the formal generating series for ©^'^ which arc defined by 

00 

^Xb ■■= E(±l)"®«'''' deg©;^^^ = n 

n = 2 
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and Eq. (|4J9|) reads 



^n^'-Y. E F,{€i,...,€fJ . (4.20) 



= 1 2ni + ■ ■ ■ + 2nfc 
= n + fc - 1 

It is convenient to split (J5^ g into even and odd part, ^ and ^, respectively, 
so that 

OO OO 

fe=i fe=i 
We now proceed as in Sect. 14.21 and start with the identity for Aoo-niorphisni 
(1271): 



r-\-s-\-t — n 



■ ' — n 

^ (-1)- mf [f,, (Cl-) , . . . , (e:!'')) . (4.21) 



1 ^ q ^ n 
ii + . . . + iq = n 



Using Eq. (j2.6p and summing (j4.21l) over n, we obtain 

J2 {-iy+''Fr+t+iUf^mf{€f)®ef) (4.22) 



^ mf ((±l)--i F,, (Cf-) , . . . , (-1)^—1 F,,_, (C^-) , F,, (C^ 



9 > 
ii, . . . , ^ 1 

The right hand side of Eq. (|4.22p contains alternating sign factors (— l)(9^'^)('*^i) 
and simply gives 

OO 

E<(®tB'---'*^5I,B,*»tB), (4-23) 

q = 

where the signs in the arguments alternate, so that sign in the first argument is 
+ when q is odd and — when q is even. The left hand side of Eq. (|4.22p can be 
transformed as follows 

r,s,t ^ 



J2 {-lY+''F^+t+i{€T<E>mf{€T)<Fj€f 

s,t ^ 

r,t>0 \ \s = 0,2,... (even) / 

+ Y i-ir' Fr+.J^T ® ( Y 

r,t ^ \ \s = 1,3,... (odd) 

Y i-iyFr+t+i[<tT®€A®€f 



r,t ^ 

■ e-1 



i=l \r = / k=l 
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Thus Eq. (|4?22|) gives us 



q = 



®2n 



E E 

9 = ni H yi 



= 2n + q - 2 
ni , . . . , ng ^ 2 



= 



(4.24) 



(4.25) 



"3 = m H h n, 

= 2n + 9 - 1 
ni , . . . , ng ^ 2 

Now let us assume that the Aoo-morphism F = {Fk} is such that Fk — for all 
even k. It follows that 



C5 



A,B 



A,B 



0. 



Hence Eq. (|4.24p reads 



9 = 



which is equivalent to 

oo 

K,B - E™?4(^li 



oo 



fe = 1 



(since (5^ ^ is even). But these equations recursively determine and we con- 
clude that 

€b = ©Is, i.e., = 0^^:^ fc = l,2,... 

The last identity together with Eq. (|4.19p implies Eq. (|4.17p and the lemma is 
proved. □ 

Proposition 4.9. Let {F, f) be a morphism of Chern-Weil triples from (A, $,C) 
to {B, , D) such that Fk vanishes for all even k. Then 



Proof. In view of (j2.6p it suffices to show that for every n the expression 
^ F,{JA^)-JA^ ^ F,{€i)-€^ 

TG C.E.T.(2n) 

is in the kernel of ^ . But Eq. (|4.18p gives us 



oo 



k = 2 m + ■ ■ ■ + ?i2fc-l 
= ri + fc - 1 



and we conclude that the right hand side is indeed in the kernel of ^ according to 
condition (ii) in Definition (|4.7p . □ 
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In what follows we will apply the above proposition only in the (trivial) case 
when _F is a strict morphism of curved Aoo-algebras, i.e. when Fk vanishes for 
every fc > 1. 

4.4. Examples. Let M be a smooth manifold and let ^2*(M, End(i?)) be the 
curved dg algebra from Example!^ Then obviously (fi* (M, End{E)), Tr, n'{M)) 
(where Tr denotes the matrix trace) is a Chern-Weil triple. The Chern character 
of this triple coincides with the Chern character of E. 

Let £^ be a vector bundle over a finite polyhedron X and let ^'{X, Mi(C)) be the 
curved dg algebra from Example [33] obtained from a piece- wise smooth idempotent 
P representing E. We shall now explain how one can extend the classical Chern- 
Weil theory to the piece-wise smooth setting. Indeed, one can apply the general 
construction of [301 Chapter 1] to the dg algebra il.*{X) to obtain a Chern character 

Ch : Ko{n"{X)) ^ H'^j,{X) 

whose fc-th component Chfc(P) is given by the usual formula {l/k\)Tr{P{dP)^). 
Then one can define (see 2^) Chern classes Ck{P) that are related to the Chern 
character by the formula 

Chk{P)^^Qk{ci{P),...,Ck{P)), 

where Qk denotes the fc-th elementary symmetric function. 

Clearly Ch is natural (with respect to piece-wise smooth maps) and coincides 
with the Chern character given by Chern-Weil theory when P represents a smooth 
bundle over a smooth compact manifold. It follows that Ck{P) satisfy the axioms 
for Chern classes stated in 9, Chapter 1,§4] and therefore coincide with the stan- 
dard Chern classes defined for bundles over arbitrary compact space X. In other 
words, the Chern character of the Chern-Weil triple (fJ*(X, M,(C)), Tr, rj*(X)) is 
the Chern character of E. 

It is not hard to see that (C"(X, Mi(C)), Tr, C"(X)), where C'{X,Mi{C)) is 
the curved Aoo-algebra from Example 13.91 is a Chern-Weil triple. Indeed, condition 
(i) in Definition 14.11 is easily checked using Proposition 13.41 and the fact that the 
trace vanishes on commutators. Condition (ii) directly follows from Lemma 13.71 
since we can write the sum over all permutations as a sum of subsums over cyclic 
permutations. 

Similarly, the curved Aoo-morphism from C"(X, M;(C)) to n'{X,Mi{C)) given 
by Proposition [3]3] induces a moprhism of Chern-Weil triples. This morphism how- 
ever does not satisfy the assumptions of Proposition 14.91 Thus, we choose a differ- 
ent route to show that the Chern character of the Chern-Weil triple defined by the 
curved A^-algehTa C*(X, M;(C)) coincide with the Chern character of the bundle 
E. 

Lemma 4.10. Let X be locally finite polyhedron and let C'{X) be the A^o-algebra 
defined after Theorem \2. 16[ There exists a strict quasi-isomorphism of Ao^- algebras 
from C'{X) to C'{X) for every sufficiently fine subdivision X of X . 

Proof. If X is a fine enough subdivision of X then there exists a simplicial map ip : 
X X which can be obtained by applying the simplicial approximation theorem to 
the identity map on X. The map tp clearly induces a dg algebra quasi-isomorphism 

(fi* : n'{x) n'{x). 
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It follows directly from the definition of the honiotopy H given in jTj Chapter 2] 
that it commutes with simplicial maps. In particular, we have 

Let Wx ■■ C'{X) Q.'{X) and : ^'{X) C'{X) be the ^oo-morphisms 

given by Proposition l3.3l Then Lemma 13.61 implies that the composition R^Lp*Wx 
is a strict morphism of Aoo-algebras. □ 

Theorem 4.11. The images under the De Rham isomorphism of the Chern char- 
acter of the Chern-Weil triple {C" {X , Mi{C)) , Tr,C'{X)) coincide with the Chern 
character of E. 

Proof. Given a polyhedron Y and 7 G ^^{Y^ M;(C)), denote the curved dg algebra 
obtained by deforming the dg algebra ^'{Y^ M;(C)) along 7 by Q.'iY)'' . Proceeding 
as in the proof of Lemma I4.10| we see that there exists a sequence of subdivisions 
of X satisfying the following conditions: 

(1) For every j there exists a simplicial map Lpj : Xj — ^ X that induces a 
morphism of curved dg algebras 

ip* : r2*(x)T ^ n'iXjY'^'^'^^ 

and isomorphisms 

on De Rham and simplicial cohomology respectively, that commute with the De 
Rham isomorphisms. 

(2) The fullness of Xj is bounded from below and the mesh of Xj tends to as 
j — !> 00 (see [S] for the relevant definitions). 

Let C"{X)'^ (respectively C*(Xj)'^j'-'''') denote the curved Aoo-algebras obtained 
by transferring the curved dg structure on Q,'{X)'^ (respectively ft' {Xj)'^i as 
in Example 13.91 Then Lemma 13.61 implies that there exists a strict morphism of 
curved Aoo-algebras between C'{X)^ and C*(Xj)'^j which clearly coincides with 

j at the cohomology level. 

Let us denote the Chern characters of the Chern-Weil triples defined by the 
curved dg algebras n'{X)^ and ft' {Xj)^'^^'^'> by Ch'^{X) and Ch'i{Xj) respectively, 
and the Chern characters of the Chern-Weil triples defined by the curved Aoo- 
algebras C'{X)^ and C {Xj)^'^^'^^ by Ch'dX) and Ch'dXj) respectively. Then 
by naturality of the Chern character under strict Aoo-morphisms we have 

Wxm,j)~\Ch'c{X,))) = WxiCh'c{X)) (4.26) 

for every j , where Wx denotes the De Rham isomophism induced by the Whitney 
map Wx- 

Now using condition (2) above one can show exactly as in [33, Theorems 5.4 and 
5.12] that for all p > 2 and all forms uti, . . . , in ^'{X, Mi(C)) one has 

lim \\Wx,imi{Rx,irjioJi)), Rx,ir jioj2))) - ioi A 0J2\\j = 0, 
lim \\Wx,{ml{Rx,{r,{u;,)), . . . , (r,(a.p)))||, = 0, 

3 ^00 
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where {m^} is the curved Aoo-structure on C'{Xj)'^^'--''\ the map 

rj : n'{X,Mi{C)) ^ M/(C)) 

is the natural restriction of forms, and ||.||j is the L2-norm on Q.* {Xj,'M.i{C)). Using 
this, it is not hard to show that 

hm \\Wx, (Ch^(X,)) - Ch* - 0. (4.27) 

One can easily verify that the maps cp* are uniformly bounded from below. It 
follows that {(fQ j)^^ are uniformly bounded from above, hence Eq. (I4.27P implies 
that 

hm \\{^},^^)-\WxACh'ciX,)) - Ch' = 0. (4.28) 

Now since 

comparing Eqs. (|4.26p and (|4.28l) we conclude that W x{Ch^{X)) coincides with 
Ch^(X), the Chern character of E. □ 

Finally we note that Lcmma [378l imples that the curved v4oo-algebra C* {X, M/ (k))'*' 
from Proposition[2IIH]defines a Chern- Weil triple (C* {X, Mi (k))T, Tr, C* (X)). How- 
ever, since C*{X, M/(k))''' is a deformation of an ordinary Aoo-algebra, Proposition 
14.61 shows that one cannot obtain notrivial Chern character from this Chern- Weil 
triple. 

Acknowledgment. N.N. acknowledges partial support from the program "Quan- 
tum field theory on curved space-times and curved target-spaces" of the Erwin 
Schrodinger Instutute for Mathematical Physics. 
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